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Résumé. L’estimation de densité de probabilité avec des échantillons pondérés est
une problématique qui suscite un grand intérét en statistique. FEn particulier, il s’agit
de la base des algorithmes d’échantillonnage préférentiel adaptatif. Classiquement, une
distribution cible peut étre approchée soit par un modele non-paramétrique, soit par un
modele paramétrique. Cependant, ces modeles souffrent du fléau de la dimension ou de
leur manque de flexibilité. Dans cette contribution, nous proposons d’utiliser comme modele
approchant une distribution paramétrée par un autoencodeur variationnel. Nous étendons
le cadre existant au cas d’échantillons pondérés en introduisant une nouvelle fonction ob-
jectif. L’expressivité de cette famille la rend tres proche d’'un modele non-paramétrique, et
malgré le nombre important de parametres a estimer, cette famille est beaucoup plus ro-
buste face a la dimension que les familles des distributions gaussiennes et des mélanges de
gaussiennes. Par ailleurs, afin d’ajouter encore plus de flexibilité au modele et qu’il soit
notamment capable d’approcher des distributions multi-modales, nous utilisons une distri-
bution a priori flexible pour les variables latentes de ’autoencodeur variationnel. De plus,
nous introduisons une nouvelle procédure de pré-entrainement de l'autoencodeur variation-
nel afin de déterminer des bons poids d’initialisation des réseaux de neurones dans le but
d’empécher le phénomene de posterior collapse. Enfin, nous décrivons comment utiliser la
distribution résultante dans un cadre d’échantillonnage préférentiel afin d’estimer une prob-
abilité de défaillance en grande dimension. Nous illustrons 'intérét de la méthode proposée
sur différents problemes d’estimation d’évenements rares multi-modaux.

Mots-clés. Autoencodeur variationnel, Echantillon pondéré, Echantillonnage préférentiel
adaptatif, Grande dimension, Estimation d’évenement rare, Quantification d’incertitudes.

Abstract. Probability density function estimation with weighted samples is a major topic
of interest in statistics. In particular, it is the main foundation of all adaptive importance
sampling (IS) algorithms. Classically, a target distribution is approximated either by a non-
parametric model or within a parametric family. However, these models suffer from the curse
of dimensionality or from their lack of flexibility. In this contribution, we suggest to use as the
approximating model a distribution parameterised by a variational autoencoder (VAE). We
extend the existing framework of VAEs to the case of weighted samples by introducing a new



objective function. The flexibility of this family makes it close to a non-parametric model,
and despite the very high number of parameters to estimate, this family is much more efficient
in high dimension than the classical Gaussian or Gaussian mixture families. Moreover, in
order to add flexibility to the model and to be able to learn multimodal distributions, we use
a learnable prior distribution for the latent variable. We also introduce a new pre-training
procedure for the VAE to find good starting weights of the neural networks to prevent as
much as possible the posterior collapse phenomenon to happen. At last, we explicit how
to use the resulting distribution in an IS context, and we introduce the proposed procedure
in an adaptive IS algorithm to estimate a rare event probability in high dimension on two
multimodal problems.

Keywords. Variational autoencoder, Weighted samples, Adaptive importance sampling,
High dimension, Rare event estimation, Uncertainty quantification.

1 General context

Many physical systems are schematically described by a relation of the form Y = ¢ (X),
where the d-dimensional input vector X is random and where the output Y is determined
through the deterministic function ¢. A common application is the analysis of a black box
model: ¢ represents a numerical code and X can be regarded as the external conditions in
which the calculation is done. The complexity of the numerical model ¢ generally makes
impossible to study it analytically. Moreover, calls to the code are supposed to be expensive
and can therefore only be made in limited number.

2 Rare event estimation

2.1 Problematic

For safety and/or certification reasons, the reliability analysis of the system is a crucial
step. Without loss of generality, the failure event can be described as a threshold exceedance
event {¢ (X) > t} with ¢ € R. It is generally a rare event and it is essential to estimate
accurately its probability. Crude Monte Carlo sampling techniques are not adapted to a such
estimation when the failure probability is low because their convergence requires too many
calls to the function ¢. More efficient methods such as subset sampling [2] or importance
sampling [I] have been developed and enable to globally master this issue.

2.2 Importance sampling

Importance sampling (IS) is a well-known uncertainty quantification method, classically used
as a variance-reduction technique for Monte Carlo integration including rare event estimation



[10], or for generating points from a target probability distribution known up to a constant [7].
The common denominator of every importance sampling procedure is that they all require to
estimate a target probability distribution with weighted samples, and obviously, the accuracy
of the algorithm depends on the quality of the estimation of the distribution. Moreover, we
also need to be able to not only sample from the built auxiliary distribution, but also to have
access to its PDF values.

A first way to perform this density estimation is to use non-parametric models, such
as kernel smoothing [I3]. These models are flexible, but despite some improvements they
strongly suffer from the curse of dimensionality since the size of the required sample to have
a good approximation of the target distribution exponentially grows with the dimension.
Another solution is to use parametric families of distributions, such as the Gaussian [10]
or Gaussian mixture ones [5], which are more robust in medium-high dimension. However,
they sometimes require some prior knowledge on the target distribution, and their lack of
flexibility and the huge number of parameters to estimate can negatively impact the quality
of the estimation when the dimension is high.

3 Variational autoencoder for density estimation

In order to combine both flexibility and robustness faced to the dimension, we propose to use
as the auxiliary sampling distribution a distribution parameterised by a variational autoen-
coder [0], whose main principle has been introduced in the last decade. Variational autoen-
coders are deep generative models for approximating high-dimensional complex distributions
of observed data and generating new samples. The specific feature of a variational autoen-
coder compared to other density estimation methods is that it performs a dimensionality
reduction into a lower dimensional latent space in order to facilitate the estimation. More-
over, in opposition to other dimensionality reduction techniques such as principal component
analysis [12] or autoencoders [§], variational autoencoders have good generation properties
and give explicitly the approximating distribution, allowing to perform Monte Carlo simu-
lations. This tool is now popular in the machine learning community but not so much in
uncertainty quantification.

4 Contribution

4.1 Description of the new proposed procedure

In the present communication [4], we extend the existing framework of variational autoen-
coders to the case of weighted samples by introducing a new objective function. The resulting
IS auxiliary distribution is close to an infinite mixture of Gaussian distributions. Then, its
flexibility makes it as expressive as a non-parametric model, and despite the very high num-
ber of parameters to estimate, it is much more efficient in high dimension than the classical
Gaussian or Gaussian mixture families. Moreover, in order to add even more flexibility to



the model and to be able to learn multimodal distributions, we consider a learnable prior
distribution for the variational autoencoder latent variables. We also introduce a new pre-
training procedure for the variational autoencoder to find good starting weights of the neural
networks to prevent as much as possible the posterior collapse phenomenon to happen.

At last, we explicit how the resulting distribution can be combined with importance sam-
pling. Indeed, the existing procedure [11] to compute the PDF values of the resulting distribu-
tion of a variational autoencoder leads to a biased and non-convergent importance sampling
estimator. In order to keep an unbiased and consistent estimator, we introduce a new way to
compute the PDF values. Then, we show how to integrate the whole suggested procedure into
existing reliability algorithms, such as the cross-entropy algorithm (CE-VAE), for rare event
estimation. Finally, we illustrate the practical interests of the previous efforts on two multi-
modal rare-event-estimation problems. The code to reproduce the numerical experiments is
publicly available at: https://github.com/Julien6431/Importance-Sampling-VAE.git.

4.2 Numerical results

Let us consider the analytical problem [3] given for any even dimension d > 2 by:

( 1 4 \

vx € RY, 4 (x) = min 1
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The input vector associated to this function is the standard Gaussian distribution in di-
mension d. The failure threshold is set to ¢ = 3.5 such that the theoretical value of the
failure probability is p; = 9.3 x 10~*. This problem is challenging because it has 4 failure
modes. We consider here the problem in dimension d = 100. We compare our method with
the cross-entropy algorithm using a mixture of von Mises—Fisher—-Nakagami distributions

(CE-vMFNM) as the auxiliary sampling distribution [9]. The numerical results are given in
Table [Il

| | CE-VAE | CE-vMFNM3 | CE-vMFNM4 | CE-vMFNMS5 |
Nt 40000 88000 50000 50000
prem 19310 x 107 | 1.319 x 107° | 9.835 x 10" [ 9.315 x 10~
Error (%) 5.31% 512.8% 31.3% 7.56%

Table 1: Comparison of the CE-VAE algorithm with the CE-vMNFM algorithm with different
numbers of components and the CE-standard VAE algorithm for the four branches problem
over n,., = 100 repetitions. The number after the “CE-vMFNM” acronym represents the
number of components of the mixture given as an algorithm input.


https://github.com/Julien6431/Importance-Sampling-VAE.git

Figure 1: Representation of one realisation of
the CE-VAE algorithm on the four branches
problem in dimension 2.

Figure 2: Representation of the two-
dimensional PDF of the prior distribution in the
latent space associated to the last iteration of

one realisation of the CE-VAE algorithm.

We can clearly see that the proposed CE-VAE algorithm provides better performances

than the CE-vMFNM algorithm here, and so without any prior knowledge on the number of
failure modes. Figure [2]represents the PDF of the prior distribution in the latent space at the
last iteration for one execution of the CE-VAE algorithm. One can see that the four failure
modes are well represented in it. This is an illustration of the interest of both VampPrior and
of the pre-training procedure on a high-dimensional multimodal problem. Therefore when
generating new points the four modes will be represented.
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