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Résumé. Nous considérons un processus observé de Galton Watson {Yn, n ∈ Z} avec
immigration modélisé par un processus corrélé {εn, n ∈ Z}. Nous présentons des résultats
d’estimation du taux de reproduction et l’espérance de l’immigration dans deux situations.
La première est lorsque Cov(ε0, εk) = 0 pour k supérieur à un certain k0: nous fournissons
un estimateur et prouvons un résultat de normalité asymptotique. Dans un deuxième temps,
nous considérons le cas où {εn, n ∈ Z} a une structure de corrélation générale. Sous des
hypothèses de mélange, nous déterminons un estimateur pour le taux de reproduction et nous
montrons sa convergence en moyenne quadratique avec vitesse explicite. Lorsque le coefficient
de mélange décroit suffisamment vite, un développement d’ordre 2 pour cet estimateur est
établi. Mots-clés. Processus de Galton Watson, immigration, processus INAR.

Abstract. We consider an observed subcritical Galton Watson process {Yn, n ∈ Z} with
correlated stationary immigration process {εn, n ∈ Z}. Two situations are presented. The
first one is when Cov(ε0, εk) = 0 for k larger than some k0: a consistent estimator for the
reproduction and mean immigration rates is given, and a CLT is proved. The second one is
when {εn, n ∈ Z} has general correlation structure: under mixing assumptions, we exhibit
an estimator for the logarithm of the reproduction rate and we prove that it converges in
quadratic mean with explicit speed. In addition, when the mixing coefficients decrease fast
enough, we provide and prove a two terms expansion for the estimator.

Keywords. Galton Watson processes, immigration, INAR processes.

1 Introduction and model

Estimation of parameters in a Galton Watson process with immigration has a long history:
we refer to the seminal paper Klimko and Nelson (1978) for laying the ground and expliciting
conditional least square estimators for the expectation of the reproduction and immigration
sequences in the subcritical case. A central limit theorem for these estimators was later proved
in Venkataraman (1982), using a time series point of view. Note that the link between such
processes and the so called integer valued times series INAR(1) processes has been exploited,
see e.g. Al-Osh and Alzaid (1987) which studied such a process with particular distributions
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for the reproduction and immigration sequences. A certain number of extensions for the
model were later devised and studied. Wei and Winnicki (1990) considered the general
critical and supercritical case and proved central limit theorems for (modified) weighted
least square estimators. In Barczy et al (2021), the specific case where the immigration
sequence has a regular variation distribution is considered, leading to asymptotic normality
of the reproduction mean when the immigration mean is known. Generalization to two types
processes have been recently investigated in Ispány et al (2014), Körmendi and Pap (2018),
including estimations for the criticality parameter. Note that these references have one of
the following constraint on the immigration process: first, some of them assume that its
expectation is known (and appears in the expression of the estimator for the reproduction
sequence); second, this immigration process is assumed to be a sequence of independent
random variables, in addition to be identically distributed. Hence, we aim in this paper at
considering a process which is stationary, but where some form of dependence is given. This
particular feature appears not to have been studied in the literature.

We consider the following Galton Watson process with immigration as the stationary
sequence {Yn, n ∈ Z} satisfying

Yn+1 =
Yn∑
k=1

ξn+1,k + εn+1, n ∈ Z, (1)

for some sequences {ξn,k, n ∈ Z, k ∈ N} and {εn, n ∈ Z}, named thereafter the reproduction
sequence and the immigration sequence, which are such that

• {ξn,k, n ∈ Z, k ∈ N} and {εn, n ∈ Z} are independent sequences,

• the reproduction sequence {ξn,k, n ∈ Z, k ∈ N} is an i.i.d. (doubly indexed) sequence,
with distribution of a generic r.v. denoted by ξ,

• the immigration process {εn, n ∈ Z} is stationary and ergodic, with distribution that
of a generic r.v. denoted by ε,

• the moments λ0 := E(ξ) and m0 := E(ε) of {ξn,k, n ∈ Z, k ∈ N} and {εn, n ∈ Z} are
unknown.

The aim of the paper is to estimate the unknown reproduction rate λ0 as well as the mean
immigration m0 from the observed sequence {Yn, n ∈ Z}. Furthermore, in order for the
existence of the stationary process {Yn, n ∈ Z} to exist, it is required that the subcritical
case holds, namely that

λ0 < 1. (2)

To control the serial dependence of the stationary process {εn, n ∈ Z}, we introduce the
strong mixing coefficients αε(h) defined by

αε (h) = sup
A∈Fn−∞,B∈F∞n+h

|P (A ∩B)− P(A)P(B)| ,

where Fn−∞ = σ(εu, u ≤ n) and F∞n+h = σ(εu, u ≥ n + h). Note that αε(h) does not depend
on n ∈ Z thanks to the stationarity of {εn, n ∈ Z}.
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To establish the asymptotic properties of the proposed estimator of λ0, the following
assumptions are required.

(A1): The mixing coefficient αε(·) of {εn, n ∈ Z} verifies the following summability con-
dition:

∞∑
h=0

λ−h0 αε(h)1−2/β <∞ for some β > 2.

We next make an integrability assumption on the moments and covariances of the immigra-
tion process {εn, n ∈ Z} and reproduction sequence {ξn,k, n ∈ Z, k ∈ N}. We use ‖ · ‖
to denote the Euclidean norm of a vector and for any (potentially matrix valued) random
variable X, we will set ‖Y ‖pp := E‖X‖p its Lp norm, with p ≥ 1.

(A2): The following moment conditions hold:

‖ε‖2β =
[
E |ε|2β

]1/(2β)

<∞ and ‖ξ‖2β =
[
E |ξ|2β

]1/(2β)

<∞.

(A3): The covariance of the immigration process νh := Cov(ε0, εh) verifies:
∞∑
h=0

hλ−h0 |νh+1| <∞.

Let us then define for all n ∈ N and k ≥ 0

Ȳn :=
1

n

n∑
i=1

Yi, Ȳk+1,n :=
1

n

n∑
i=1

YiYi+k+1.

2 Ultimately uncorrelated immigration

We suppose in this section that the immigration is no more correlated from an instant k0,
i.e. that the following assumption holds

(A3)1: There exists a known k0 ∈ N \ {0} such that νk = 0 for all k ≥ k0.

The main results are given as follows.

Proposition 1 (Consistency). Let us suppose that (A1), (A2), (A3) and (A3)1 hold. Then
the following estimators

R̂k0,n :=

[
Ȳn
]2 − Ȳk0,n[

Ȳn
]2 − Ȳk0−1,n

, M̂k0,n := Ȳn(1− R̂k0,n) (3)

converge a.s. towards the unknown parameters λ0 and m0 as n→∞.

Theorem 2 (Asymptotic normality). Under the previous assumptions, the following CLT
holds: √

n[R̂k0,n − λ0, M̂k0,n −m0]′
D−−−→

n→∞
N (0,Ωk0), (4)

where Ωk0 is explicit.
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3 General correlated immigration

In this case, additional Assumptions are required.

(A3)2: The mixing coefficient αε(·) has exponential decrease.

(A4): The unknown parameters λ0, m0, V0,ξ and V0,ε (reminding that the two latter are
the variances of ξ and ε) belong to Θ := [λ−, λ+] × Θm × ΘVξ × ΘVε for some known
respective intervals [λ−, λ+] and compact intervals Θm, ΘVξ and ΘVε included in [0,∞),
with 0 < λ− < λ+ < 1, and the generating function fν : x ∈ [0, 1] 7→

∑∞
s=0 x

sνs+1

belongs to some known class of function F .

(A5): There exists a known quantity Km > 0 such that

inf
(λ,µ,Vξ,Vε)∈Θ, f∈F

|Ξ(λ, µ, Vξ, Vε, f)| ≥ Km (5)

where Ξ is the function defined on Θ×F by

Ξ(λ, µ, Vξ, Vε, f) := − Vξm0λ

(1− λ2)(1 + λ)
− Vελ

1− λ2
− λ2

1− λ2
f(λ)− 1

1− λ2
f(λ−1) (6)

where (λ, µ, Vξ, Vε, f) ∈ Θ×F .

(A6): There exists a known constant CY > 0 such that the k-th moments ‖Y0‖k of the
stationary process, k = 1, 2 are less than CY .

We give a few comments on the two last assumptions. It may be proved that Assumption
(A6) holds in one of the following situations:

• When F is the set of power series with non negative coefficents, meaning that the
immigration sequence {ε, n ∈ Z} is positively correlated, i.e. νn ≥ 0 for all n ≥ 1, in
which case Km is explicit. This is the case when one models the evolution of a disease
with constant (increasing or decreasing) trend.

• When F is included in the set of functions bounded by some constant MF , in which
case we may prove that Km is explcit and positive if the bound MF is small enough.

As to (A7), it may be proved that an explicit CY may be obtained e.g. if we assume that
E(ξ2) ≤ 1.

In order to state the main result of this section, we first introduce some auxiliary functions
that will enable us to construct the estimator for the unknown parameters λ0 and m0. We
first let $ : R −→ R be a twice differentiable function such that

$(x)


= 1, x ∈ [1,+∞),
= 0, x ∈ (−∞, 0],
∈ [0, 1], x ∈ [0, 1],

(7)

$′′(x) = o(x), x→ 0, (8)
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so that $′(x) = o(x2) and $(x) = o(x3) as x→ 0.

We also need a twice differentiable function G : R −→ R with finite support such that
G(x) = 1 for x ∈ [0,max (CY , C

2
Y )]. We then let

$k : x ∈ R 7→ $

(
2

Kmλk−
x

)
, k ∈ N, (9)

Km being defined in (5), so that $k(x) is equal to 1 on
[
2−1Kmλ

k
−,∞

)
, lies in [0, 1] on[

0, 2−1Kmλ
k
−
]

and is 0 on (−∞, 0]. We finally define for all k ∈ N \ {0}

Hk : x ∈ R 7→ 1

k
$k(|x|) ln |x|, (10)

ψk : (a, b) ∈ R2 7→ G(a)G(b)Hk(a
2 − b). (11)

The following estimator is then defined:

Ŝn := ψkn(Ȳn, Ȳkn+1,n),

for a sequence (kn)n∈N which is adequately chosen later on. We first state a consistency
result.

Theorem 3 (Quadratic convergence of estimator). Let us suppose that (A1), (A2), (A3),
(A3)2, (A4), (A5) and (A6) hold. Let us set kn := bc lnnc where c < − 1

2 lnλ−
. The following

convergence in quadratic mean holds:∣∣∣∣∣∣Ŝn − lnλ0

∣∣∣∣∣∣
2

= O

(
1

lnn

)
−→ 0, n→∞ (12)

so that, in particular, eŜn converges in probability towards λ0 as n → ∞. Furthermore, the

estimator defined by N̂n := Ȳn

(
1− eŜn

)
converges in probability towards m0 as n→∞.

The previous result may be refined under slightly stronger assumptions as follows.

Theorem 4 (Expansion for Ŝn). Let us in addition assume here that the covariance of the
immigration process satisfies νh = O(ζh) for some ζ < λ− (ensuring that (A2) holds). Let

us set kn := bc lnnc where c ∈
(
− 1

2 ln ζ
,− 1

2 lnλ−

)
. Then one has the two terms expansion

Ŝn − lnλ0 =
1

kn
ln

∣∣∣∣∣
∞∑
j=0

λ−j0 χj + λ0(C2
1 − C2)

∣∣∣∣∣+
1

√
nknλ

kn
0

Zn (13)

where Zn satisfies Zn
D−→ N (0, σ), n→∞, for some explicit σ > 0.
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