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Résumé. Ce travail aborde la problématique de I’estimation de densité pour des obser-
vations ayant des valeurs dans une sous-variété riemannienne. Dans ce contexte, Pelletier
(2005) a proposé un estimateur de densité a noyau pour des données indépendantes. Nous
étudions le comportement asymptotique de 'estimateur de Pelletier lorsque les observations
sont générées a partir d'un processus strictement stationnaire a-mixing a valeurs dans cette
sous-variété. En particulier, nous donnons les vitesses de convergence en termes d’erreur
quadratique moyenne, en probabilité et presque stirement. Nous établissons également un
théoreme central limite et illustrons notre propos a travers des simulations ainsi qu’une ap-
plication a des données réelles.

Mots-clés. Estimateur de densité a noyau, Variétés riemanniennes, Condition de mélange,
Processus stochastique, Consistance faible et forte, Théoreme central limite.

Abstract. This paper is related to the issue of the density estimation of observations
with values in a Riemannian submanifold. In this setting, Pelletier (2005) has proposed a
kernel density estimator for independent data. We investigate here the behavior of Pelletier’s
estimator when the observations are generated from a strictly stationary a-mixing process
with values in this submanifold. In particular, we study the pointwise as well as the uniform
weak and strong consistency of the estimator. Namely, we give the rate of convergence in
mean square error meaning, in probability and almost surely. We also give a central-limit
theorem and illustrate our purpose through some simulations and a real data application.

Keywords. : Kernel density estimator, Riemannian manifolds, Mixing condition, Stochas-
tic process, Weak and Strong consistency, Central Limit Theorem.

Motivation

The motivation behind this work is that the probability density estimator is crucial in
many fields, including statistics, signal processing, machine learning, etc. The problem of
estimating an unknown density using a kernel approach has been widely addressed when the



variable of interest lies in a Euclidean space, both for independent data and dependent data.
However, in many applications , such as biology, spatial statistics, geology, image analysis,
and medicine, the Euclidean assumption about the underlying geometry of the observations
fails. An alternative is then to treat the data as lying on some submanifold.

1 Framework and the kernel of interest

Let (Xy,t € Z) defined on a probability space (2, A, P) with values on Riemannian sub-
manifold, (M, g) of R? (d > 2) such that X;’s are dependent and distributed as a random
variable, X with an unknown density f on M. We assume that (X;) satisfies an a—mixing
condition such that for any integer n > 1,

a(n) = sup sup {|P(AnB)— P(A)P(B)|}

k AeFF(X), BeFgs,, (X)

where FF(X) is the o—field generated by {X;, i < j < k} and a(n) tends to zero.

In this work, we aim to study the behavior of the kernel estimator of Pelletier:

f”“)_ﬁgh_zem@-)[(( I )

based on observations of the process (X, t € Z), X;, i =1,...,n. . Here, h,, is the bandwidth,
K is the kernel function, and n is the number of observations. Then, we give some asymptotic
results based on the following assumptions. Note that C' will represent a positive constant
with no impact on the results.

Assumptions
H1: K : RY — R, is a bounded and continuous map such that

1. K satisfies a Lipschitz condition.

2. supp K = [0;1].

3. [K(||z]))dx = 1.
4. [xK(||z||)dz = 0 or at least the vector, [ xK (||z||) dz is orthogonal to span{grad f(x)}.
5. [ llzllPK([lz])dx < occ.

H2: The mixing coefficient of X; satisfies a(n) < Cn™" for some v > 2.

H3: The bandwidth is such that h,, — 0, nhﬁ — oo and h, < % as n — 00.

H4: f is bounded, twice continuously differentiable at any x € M and ||[Hessf (z) || gs < o0,
where || - ||gs is the Hilbert Schmidt norm (one can also consider the uniform norm of

Hessf (z)).



Hb5: Vi, j, the joint density f;; of (X, X;) exists is such that
sup SupM\fi,j(u, v) — f(u) f(v)] < M,

7 u,veEMX

for some M > 0.

Some remarks on these assumptions

Since this work is related to situations where the data are both with values in a Riemannian
manifold and dependent, the above assumptions appear as a mixed of conditions in both
cases to derive consistency results for kernel density estimators in this setting. Namely,

1. The hypothesis H2 and H5 are classical when dealing with the study of the kernel
density estimator for dependent data.

2. Assumption H3 is the Riemannian manifolds counterpart of the classical assumptions
on the bandwidth for dependent or independent data.

3. Assumptions H1 and H4 are classical regularity conditions on K and f, helpful to
control the bias terms (1) obtained using the Taylor expansion:

Flexp,(u)) = F(a)+ < gradf(r),u > -+ Hess (x)(u,u) + ol Jul’)
for all w € T, M. Thus, for all h > 0 and ||v|| < 1, we have
flexp,(hv)) = f(z) + h < gradf(z),v > +%h2Hessf(x)(v, v) + o(h?),

where grad and Hess denote the gradient and the Hessian operators respectively.

2 Some Theoretical Results

The assumptions stated above allow us to give some theoretical results on the asymp-
totic behavior of f,(z) that allow for evaluating the quality of the estimator in terms
of bias and variance. Specifically, we study both the weak and strong consistency of
fn(z) in terms of Mean Squared Error(MSE), probability and almost sure convergence.
Weak and Strong Consistency

The bias term

The asymptotic behavior of the bias term has been studied in Pelletier (2005). However,
we give here an explicit expression

. h?
b(x) := Efu(z) — fz) = 7/( )K(HUH)HGSSf () (v, v)dv + o(hy) (1)
B(1
Unlike the bias, all the results below are specific theoretical contributions of this paper.
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Asymptotic behavior of the variance of the estimator

Under the assumptions H1, H2 and H5, the variance of fn(a:) is given by

V(@) = B (R~ B | = o @) [ K4ty o)

and then
ahdV (Fu(@)) —> 1) [ K3 (ol)do

Rate of convergence in Mean Squared Error

For each x € M, we set

MSE(x): = E ((Fu(e) = f(@)*) = P(@) + V (fula))

Under the assumptions H1 to H5,

1
MSE(z) < C, h, :
(0) < Cog x (14 1)

n

and since M is compact, and f and K are bounded (see H1 and H4), we have

1
sup MSE(z) < C x | ht + —
xeM hd

An optimal rate in M SFE meaning for ﬁl(a:) is deduced from the previous result in
the following.

The bandwidth which minimizes the function  — M SE(x), under the assumption H1
is given by:
-1
hn,opt = C10 nd+i
and the corresponding M SFE is

—4

MSE(z) = C, fn4+d+o( *4)

1

2
where fo CAC +CyCy with Cy = (%) i <fB Hessf(z)(v, )K(HvH)dv)
and Cy = fB K2(||v])dv.

Rate of Convergence: In Probability and Almost Surely

We now give some pointwise as well as uniform rates of convergence in probability with
some additional conditions.



Under the assumptions H1 to H5, if a(n) < Cn™" with v > 2 (as stated in H2) and
du+1
if nh

— 00, then for a given x € M

Fule) — f@)] = 0, (@ " 1;’%;) |

n

v+d+3
v—d—1

Moreover, since M is compact, if v > d 4+ 1 and n~'(logn)h, — 0, we have

sup|fo (@) = f(2)| = O, (h,% + 12%3) .

zeM n

As previously, with some additional conditions, we get the following almost surely rates
of convergence.
d(r+1) 9

Under the assumptions H1 to H5, if a(n) < Cn™" withv > 3 and nhy,”* (log n)_%é g(n)»=3
oo with h, < %= and g(n) = logn (loglog n)'"¢ for some small € > 0 then for each

given x € M, we have
r log n
2
O (h : W)

and because M is compact, we have

—~ logn
sup | fo () — f(2)] = Oq.s. (hi + %) :

zeM

Asymptotic normality

We now state a Central Limit Theorem (CLT) for each given z € M.
Under the assumptions H1, H2, H3 and H5 , we have:

Vb (fn@:) — f(@)) — N (0.0%(x).

where o?( ) [y K2 (lz]) d

3 Numerical results

During the talk, we will illustrate these theoretical results through some simulations
and a real data application.
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